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Abstract 



We apply equivariant integration technique, developed in the context of instanton counting, to two 
dimensional A/" = 2 supcrsymmetric Yang-Mills models. Twisted superpotential for U(A) model is 
computed. Connections to the four dimensional case are discussed. Also we make some comments 
about the eight dimensional model which manifests similar features. 
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1 Introduction 



1.1 Motivation 

The fundamental algebraic result, known as Hurwitz theorem, claims that there are only four 
division algebras: M, C, H and O. Their real dimensions are 1,2,4 and 8 respectively. Another 
known fact concerns minimal supersymmetric models. Consider the dynamical gauge field inter- 
acting with fermions in d dimensional space-time. Denote V/ — di + Aj the covariant derivative, 
FiJ — [V/, Vj] the curvature, I,J— 1, . . . , d. The action 

- \fijF'-^ + zi^r^V/^, (1) 

can be on-shell supersymmetric only if d = 3, 4, 6 or 10. Clearly these dimensions can be written 
as d = 2 + dimR A, where A is a division algebra. This is not a coincidence. These minimal models 
capture the features of corresponding division algebras. 

This fact is being observed since long time in various contexts [3J [3 [TU [TO] . Let us mention 
also that extended Af — 2 and A/" = 4 supersymmetry in four dimensions can be obtained by 
dimensional reduction of A/" = 1 supersymmetry from six and ten dimensions respectively. Close 
relations of M ~ I and J\f ~ 2 supersymmetry in four dimensions with complex numbers and 
quaternions was figured out in [30] . 

In the context of supersymmetric Yang-Mills models this connection was pointed out, in partic- 
ular, in 18J in the context of the Witten index calculation. It was shown that these contributions 
are given by regularized volumes of certain Kahler, hyper-Kahler and octonionic quotients. 

Another interesting property of minimal supersymmetric Yang-Mills models is related to the 
dimensional reduction. Namely if we compactify 2 of dimensions in such a model, we obtain M = 2 
supersymmetric model in d — 2 dimensions. We will not consider d = 3 minimal supersymmetric 
model, and focus on d — 2 = 2, 4 and 8. Common property of these theories is that they contain 
the topological sector [TJ HI [3 El [201 EH 132 El]- An essential condition which makes possible 
the topological twist in eight dimensions is that the holonomy group of the manifold is Spin(7). 
Otherwise it should be an eight dimensional Joyce manifolds. One can show that the path integral 
for the vacuum expectation of a topological observable gets localized onto the moduli space of 
so-called generalized instantons [H], which can be described as follows. Pick a complex structure 
on a d-dimensional manifold and define the symplectic form iv = ^f/^^dz"^ A dz*. Generalized 
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instantons are solution for the following equations: 

AF(i-i) =0, f(2'0) = ^ 0. (2) 

In two dimensions it is equivalent to = 0. To make theory readier one can add some matter 
hypermultiplets. In such a way one obtains two dimensional Bogomol'ny equations. In four 
dimensions the general condition can be rewritten as self-dual equation: F = -kF ^ whereas in eight 
dimensions it becomes generalized self-dual equation: Fij = \^ijklF^^ ■, where ^ijkl is eight 
dimensional Spin(7)-invariant self-dual Caley tensor. 

In four and eight dimensions these equations can be written in components as follows: 

\ (3) 
rf = 8 : FsA ^ ^CABcF^^ , 

where eijk is three dimensional Levi-Civita tensor, which is, at the same time, the quater- 
nionic structure constants, i,j,k — 1,2,3, and cabc ^^re octonionic structure constants, 
A,B,C — 1,...,7. We see again the traces of algebras H and O. Let us, in that follows, re- 
fer d — 2,4 and 8 theories as C-, H- and O-case respectively. 

In four dimensions M — 2 supersymmetric Yang-Mills models (which is the H-case in our 
classification) was studied extensively both from mathematical (Witten approach to Donaldson 
invariants) and physical (Seiberg-Witten theory for low-energy effective action) point of view. 
The moduli space of H-instantons are given by finite dimensional ADHM construction [2 O HU] , 
which identify the moduli space of instantons with certain hyper-Kahler quotient. It allows to 
reduce a path integral for the vacuum expectation of an observable to a finite dimensional (and 
hence well-defined) integral. 

It was shown by Nekrasov in I24j how to compute in this theory the partition function, which 
is given by the vacuum expectation of "1" . After certain deformation of the model the partition 
function can be identified with the cquivariant Euler characteristics of the instanton moduli space. 
A nice property of the deformed model is that this very quantity determines the leading term of 
the effective low-energy action. It is given by the F-term and is due to instanton contributions. 
Neither antiinstantons nor mixed instantons-antiinstatons do not contribute to the F-term [12] . 
This conclusion holds both for models with and without matter hypermultiplets. 

Since C- and O-cases stand in a line with H-case, it is natural to ask if the same is true in two 
and eight dimensional theories. Otherwise if in these theories the F-term of the effective action 
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can be computed as the Eulcr characteristics of the appropriate moduh space. 

The purpose of present paper is to provide a partial answer to this question. Namely, we study 
in details the C-case and show that under certain assumptions the answer is positive. We compute 
corresponding F-term via localization approach and provide some explicit formulae. Through the 
paper we display the similarities and distinctions with the H-case. 

Two dimensional A/" = 2 supersymmetric models are well studied in the literature |171 133] . Less 
is known about the O-case. Another purpose of this paper is to provide a basis for the intuition 
about O-case, which will be object of the future investigations. 

The paper is organized as follows. In Section [2] we describe the dimensional reduction and 
topological twist of super Yang-Mills in four dimensions. Section |3] is devoted to some cohomolog- 
ical aspects of the model. The path integral for topological observables localizes onto the vortex 
moduli space, which is described in Section 01 Section O is devoted to the -background. Finally 
in Section [HI we compute the twisted superpotential. 

1.2 Notations and conventions 

Following notations are used through the paper: 

• The roman indices /, J, . . . run over 0,1,2,3. The greek indices (dotted and undotted) 
a, /3, d, /?, . . . run over 1,2, this is spinor indices. The 2-dimensional Lorentz indices are 
denoted by greek letters fj.jV, . . . and run over 1,2. 

• The generators of the Lorentz group are chosen as follows: 

= (l2, -Tl, ~T2, -T3)„^, a^'"" = (l2, +T1, +r2, +T3)"", (4) 

where r^, i = 1, 2, 3 are Pauli matrices in the standard form. 

• The 't Hooft projectors are defined as usual: 

a = — i^cTa—acTj, a — — i^a a ~ a a j \o) 

• The Grassman measure is defined in such a way that / d'^9{d9) = +1, and the same for 9. The 
twisted Grassman measure is defined as follows: d^9 — d92d6i. It satisfies J d^9{6i92) = +1. 

Acknowledgments. I thank Gianguido Dell'Agata, Marco Matone, Paolo Pasti and Roberto 
Volpato for their constant interest to this work. I am grateful to Vladimir Fateev, Alexei Gorinov, 
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Vladimir Lyakhovsky, Andre Neveu and Mittier Pronob for helpful discussions. 

This work was partially supported by the EU MRTN-CT-2004-005104 grant "Forces Universe" 
and by the MIUR contract no. 2003023852. 

2 The C-model 

In this section we briefly recall some key ingredients of the dimensional reduction from four to two 
dimensions as well as of the topological twist of a Yang-Mills model in two dimensions. 

2.1 Four dimensional supersymmetry 

We start with Af = 1, d = 4 super Yang-Mills model in the Minkowskian space. Supersymmetric 
action for the theory without matter is described by the gauge multiplet, which can be arranged 
in a real scalar or a chiral spinor superfield: 

V{x, e, 9) = iOa^OAi + i{6e)ei) - i{e9)9^ + \{e6){66)D, 

2 (6) 

In the last line all fields are functions of covariantly constant directions in the flat superspace 
yi = + i9a^6. Let and be parameters of supersymmetry transformation. Denote the 
supersymmetry operator as 5 = C"Qa + C"Qa = CQ ~ CQ- The algebra is given by 

(7) 

6D = -Ccri^Vir - V/V'^cT^/'^. 
The action for the pure Yang-Mills theory can be put to the following form: 

Sgauge = (^J d^OWWa + J d^OWaW^^ = -^FuF'^ + '-^^1^ ' (8) 

We have omitted the space integral and the trace over the adjoint representation of the gauge 
group Lie algebra, as well as trace normalization factors, for the sake of brevity. Note also the we 
have chosen unusual normalization for the action, which differs by factor 2 against the traditional 
one. This is done to avoid some 2\/2's in relevant formulae. 
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If the gauge group contains an U(l) factor, we can also add the Fayet-Ihopoulos term which 
can be written as follows: 

Sfi = -2r J d'^Od^eV = -rD. (9) 

To add matter one can take two hypermultiplets which can be put into scalar chiral superfields 
Q{y, 0) and Q{y, 9). They are acted on by the gauge group in dual representations, in such a way 
that QQ be gauge invariant. The component expansion of a hypermultiplet is the following: 

Q{y,e) = q + V2eii + {ee)f, (lo) 

where all fields are functions of , and the same for Q. The supersymmctry acts as follows: 

5q = V2Cf,^ 5q = \/2CaA" 

= iV2ai^C'7iq + V2Caf S]!^ = -iV2Cai^Viq + V2CJ (11) 



The action is given by 



^matter 



= -\^i(N'q - \t^<T'Vijl + - ^/^V^? + \qDq + ^ff (12) 

The second (tilded) multiplet is needed only to introduce a supersymmetric mass in four di- 
mensions. Corresponding contribution to the action is 

Smass = ^t(^M j d^OQQ^ = M'S'mass + M"S'1,ass 

s'mass = \ {q.f + h- fii^ + Qf + h- Am) , (^^^ 
s'mass = ^ («/ + - Am - qf-h+fi'p) , 

where M = M' — iM" is the four dimensional mass, M' and M" are supposed to be real. 
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2.2 Dimensional reduction and topological twist 

To perform the dimensional reduction we take the target space of the four dimensional super Yang- 
Mills model as a product E>^ x T2 where T2 is a small volume torus. Let the rudimentary torus 
coordinates be and x^, and and x'^ be the coordinates on S^. Introduce on §^ a complex 
structure by identifying §^ = C. Define 

z = x^ + ix^ z = x^ — ix^ (14) 

In the reduced theory the gauge field is the connection of a G-bundle E over Denote this 
connection hy A = A^^dx^, and its curvature by Ffj_,y — e^,y-Fi2, where e^i^ is the Levi-Civita 
tensor in two dimensions, the orientation is such that £12 = +1. The remaining part of the four 
dimensional gauge field defines two scalars: 

A^^, 0=^. (15) 

Dimensionally reduced theory has the usual two dimensional Lorentz symmetry 
S0(2)l = U(1)l, as well as the 7?.-symmetry, which is U(1)tc- The last one acts on the su- 
permultiplets ^ as follows: 

Wc,iy,9)^e''^/^Wc,iy,e-~''^/^9), Vix,e,e) ^ Vix,e^''^/^ e,e'^/^ 6). (16) 
In components it means 

A^^A^, ^^e^'^/^V', D^D. (17) 

Usually the 7?,-symmetry is broken by quantum effects. The non-invariance of the fermion 
measure produces the singlet anomaly. The Atiyah-Singer index theorem claims that this non- 
invariance is given by the first Chern class ci (E) — ^ , which counts the difference between right 
handed and left handed zero modes of the two dimensional Dirac operator. When this difference 
is not zero, the 7?.-symmetry group is broken to a discrete group. However, if we add some matter 
it is possible to have the unbroken 7?.-symmetry. We will focus in that follows at this situation. 

If the 7?,-symmetry is unbroken, we can perform the topological twist by demanding that each 
Lorentz rotation on angle if should be accompanied by the 7?.-transform with parameter (p/2. 
In other words we take the diagonal subgroup of the product of the Lorentz group and the 7?.- 
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symmetry group as the new Lorentz group: 



U(l)'i=diag(u(l)LXU(l)K) (18) 
Under such a transformation the components of the spinor ip transform as follows: 

iP+^e''fi;+, ip-^^p-. (19) 

Therefore we can write ^ ipi + i'ip2 where "0^ are components of a vector. Recall that we 
are in two dimensional Euclidean space and therefore do not distinguish upper and lower indices. 
Another component, , is a scalar with respect to infinitesemal rotations. Note however that the 
complex conjugation is equivalent to the a;^-reflection. Therefore if we write i/j^ — V ~ then rj 
will be a scalar, whereas x is a pseudoscalar, which changes sign under reflections. 

We define similarly topological twist for the supercharges and parameters of the supersymmetry 
transformation: 

+ Vi+iv2 n n n 

^. (20) 

In twisted notations we have simply d — sQ + pQ + v^Q^. The commutation rules for twisted 
supersymmetry operators are 



{Q,.,Q.} = 2gf,,g{X) {Q,Q^} = -iV^ {Q, Q,,} = -ie^.^" , 

where g{a) is the gauge transformation with parameter a. 
The reduced and twisted version of algebra ^ is given by 



(21) 



Q0 = 














Q\ = 


V 


Q\ = 


X 




= 


QA^ = 




QA^ = 






= .9a''''? + '^M^'X 


QV-p = 










= -ig^^[(l); A] - ef_,^{iFi2 + B) 




A] 


Qri = 


-B 




= -iV^A 


Qx = 


B 


Sx = 






= -ie^jyVA 






QB = 




Qt.B 





(22) 
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where we have introduced B = ~''-P'i^2--D ^ 

Note that if we get back to original set of fields, that is, plug in back D instead of B we observe 
that actions of Q and Q are the same, modulo the change 77 <-» x the supplementary Hodge 
transformation of all vectors: Vf^ ^ — ^tii^V'^ . Note also, the if we define B = ^-^^^ 

the action of gets simpler whereas the actions of Q and Q get more complicated. 

To twist the supersymmetry algebra for the matter fields pip we arrange the components of 
Q and Q to U(l)i spinors: 



1 

V2 



1 

V2 



V = 



1 / / 



(23) 



Define also two dimensional Dirac matrices 7^ and the chiral matrix T as follows: 



71 



1 

1 



72 



-i 

1 



, r = 7i72 



i 

-i 



(24) 



The spinor rotation matrix 712 is defined as usual: 712 = j (7172 ^ 727i) = ^T. The twisted 
superalgebra is given by 



Qx 




Qx = 


re 


Q^.x = 




Qe 


= i(f>x 


Qi^ 


—iT(j)x 




7^/i - iVf,x 


Qlu 


= h 


Quj = 


-Th + iT-ff'Vf.x 


Qp.LLl = 


~ijf,Xx 


Qh 


— i(f)LU 


Qh = 


iT(j>uj - iT-f'^Wf.S, 


Q,.h = 


*7M-^e - iV^cj + i"ff_i'nx 


Qx = 


-c 


Qx = 


er 


2^5 = 


'^7m 




ix<j) 


Qi^ 


ixcjjT 




/J7m + 


Qlu = 


h 


QQ ^ 


hr + iWf.x'jT 


Qf^i^ = 


-ixA7^ 


Qh = 


—iuj(j) 


Qh^ 


iuxpr + iv^e7^r 




-ie7M^ ~ iV^w + zx777^ 



(25) 



(26) 



where h = y + ■|7''V^a; and h — y — |V^a;7^. Note that this substitution simplifies the Q and 
Q actions. Had we put h = y — ^j^Wf^x and h = y + |Vpa;7^ the action of would become 
simpler instead. 
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2.3 Twisted superfield and twisted superpotential 

The Fayet-Iliopoulos term ^ can appear in the model if the gauge group contains an U(l)-factor. 
Let in that follows G — '[j(N). In two dimensions one can introduce such term with the help of 
the superfield V{x,6). However, it is not gauge invariant. Another way to do it is to introduce 
so-called twisted superfield (see [33] and references therein). Note that the meaning of the word 
"twisted" in this context has nothing to do with the topological twist. The twisted superfield can 
be defined as follows. We consider the abelian case. Let Va and Va be covariant superderivatives 
which commute with supercharges. Define 

s = -x>_p_F = + e+ij+ + e+ij+ + e+e+{-Fi2 - iD) 

^ . (27) 

= + rV;. + 9^02 '^^^ ~^ =c^ + e^V^^ + 0lO2{lFi2 + B), 

where we have introduced the topological twist for the spinor supercoordinates 0^ = 9i+i92 _ pj^ 
fields are supposed to be functions of y'' defined by 

y^j^iy^^z- 2i9+e- yi-iy2^z- 2id+d- . (28) 

Note that the twisted superfield is the C-analog of the four dimensional Af ^ 2 chiral multiplet 
'i'{y,d). Recall that its superspace expansion in four dimensional twisted supercoordinates 9^ is 
the following: 

*(2/, 9) = c^{y) + 9'i;i{y) + 9'9'\iFij{y) - Di.j{y))+ + . . . , (29) 

where Djj — Drjjj + frjfj + /''r/Yj, rfjj are 't Hooft symbols, 77^ = ^ , D and / are the 
auxiliary fields for Af ~ 1 gauge and chiral multiplets in four dimensions, and (. . . )^ means the 
self-dual part. It would be interesting to see if this four dimensional superfield can be obtained as 
a sort of "twisted" N — 1^ d — Q vector multiplet. 
Introduce the complex parameter 

T = ir+^. (30) 
27r 

Its four dimensional analog is 74 = ^ + The analog of r is, therefore, It follows that 
weak interacting regime in the H-case corresponds to r 00 regime in the C-case. Define also 
the twisted Grassman measure d^9 — d92d9i. Then the topological action (jH]) together with the 
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Fayet-Iliopoulos term ^ is generated by two dimensional F-term: 

2 3m ( T / d^eiA = Stop + Sfi- (31) 



Let us make a remark. In Euclidean space the complex conjugation raises and lowers indices. Thus 
it corresponds to the exchange <-> ■0^. It follows that the complex conjugated twisted multiplet 
looks like 

E = -v+v+v ^ x + e-i!- + e-tp- + 9-9- (F12 - io) 

= \ + 9r^ + 9x + e~9 , 

where 9^ — and all component fields are functions of yi + iy2 — z + 2i9^9^ and 

2/1 — W2 — z + 2i9^9^ . Note also that the abelian version of the action ([5]) reduced to two 
dimensions can be written in two dimensions as D-term: 

Sgauge = j d^M^SS. (33) 

In quantum theory the F-term gains corrections, perturbative and non-perturbative. If the 
supersymmetry remains unbroken in the quantum level, the most general form of the F-term is 
given by generalization of (|3ip : 



(34) 



2 9m(^y A^yA^9^Wo[^,T) 

where Wo(S,t) is the twisted superpotential. In the microscopic theory it is linear function of E: 

Wo"'''"(S,r) =7rirTrS. (35) 

The perturbative corrections to the twisted superpotential can be interpreted as the renormal- 
ization group flow for the complex parameter pop . Typically it has the following form (we have i 
factor instead of traditional since we have chosen non-usual normalization in the action (j8])): 

r(Ai)=r(A2) + ^ln^, (36) 

where A is the dynamically generated scale. (3 is first term of the /3-function expansion. For 
\]{N) theory with Np matter multiplets in the fundamental representation and Np in the anti- 
fundamental we have (3 — Np — Np |33j . The 7?,-symmetry is broken down to a discrete group: 
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U(1)k '-^ 'Z,/f3'E. The only case when it survives is /3 = 0, which is possible if Np = Np. The 
theory we are interested in is, therefore, conformal at the quantum level. 

The rest of the paper is devoted to the explicit computations of the quantum corrections to the 
twisted superpotential for this case. 



3 CohFT features of the model 
3.1 Action is Q— exact 

Topologically twisted theory possess two scalar fermionic operators: Q and Q. Strictly speaking 
the last operator is pseudoscalar, but this difference is not essential. The action is supersymmetric, 
that is, in particular, Q and Q closed. Therefore it has good chances to be Q and Q exact. Indeed, 
the computation shows that: 



Sgauge — gauge: Spi — Q^FI, Smatter — mai 

^ gauge = QVgauge, FI — QVpi, 'i' matter — OVmat 



(37) 



where 



(38) 



Sgauge = -ix(-Fl2 - «-B) - iW f^lp^ ~ iri[(j), A] Vgauge = -iXFu + TJX 

^Fi =^ 2rx Vfi = 2rA 

^matter = ii^Xx + xX^) - 2ixji2XX Vmatter = -2ixXji2X - iLTuj 

+ (h + i\I^j,xY)^ + w(/i - n^V^x) 
Therefore the action can be written as follows: 



S — Sgauge + SfI + Smatter — QQ {Vgauge + Vpi + Vm atter ), (39) 

which shows that we deal with A/r = 2 cohomological theory (recall that both supercharges 
anticommute) . This is not true for the four dimensional mass term (|13p. Instead we have: 

S'mASS = Q'^'mASS — Q^'ilASS 

S'liAss = ^ Q'^'iiAss = Q'^'mass ^^^^ 
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Therefore this term is Q and or Q and exact, but never both. Since xj^x is gauge invariant 
we conclude using dHI) that Q^^^'mass ^ 2m*mass ^ 0- 
Moreover it is straightforward to check that 

V^atter = J {xT^^U} + iuTJ^'x) . (41) 

It follows that Qf_iVmatter = and therefore 

Qfj.'^matter = {Qfi: Q}VmaUer = —i^fivd'^Vmatter- (42) 

Since QfjVpi = 0, the same is true for the Fayet-Iliopoulos term: 

Qt.'^Fi = -it^ud'^Ypi. (43) 



Finally one can check that 

^Use = *.au,e + id^iW) = {X^^" + ^V) (44) 

It follows that 



2M*Use = QM*9au<,e = -*9pQ^(AV''')=ieMpa''(A(lFi2 + B)). (45) 

3.2 Gauge fixing 

As probably all theories, whose action is Q-exact for a fermionic scalar operator Q, the model in 
question can be obtained by the gauge fixing for an appropriate action. Recall how it works [3]. 
Consider the following "topological" action: 

^top = eci(£;) - :^Fi2, (46) 

ZTT 

where is the two dimensional instanton angle. For this action to be non zero it is necessary to 
have at least one generator with non vanishing trace in the gauge group Lie algebra. In other words, 
the gauge group has to contain at least one U(l) factor. In such a situation the Fayet-Iliopoulos 
term © is always acceptable. To be specific, in that follows we consider the model for G — 

The topological action equals Ofc, where k is the winding number for the gauge field config- 
uration. Therefore it is invariant not only with respect to usual gauge transformations of the 
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connection i— > — V^a, but also under small generic deformations: A^ i—f A^ + a^, provided 
A^ and A^ + belong to the same homotopic class. 

To fix both gauge invariances we have to introduce a BRST (BV) operator Q as well as a set 
of ghosts, antighosts and gauge fixing conditions. Denote the small deformation ghost by ■i/'^n the 
Lagrange multiplier by B and the antighost by x- Then the BRST operator acts as follows: 

QAm = ^m> Qx^B. (47) 

Let the gauge fermion be = —ixFi2- It produces term —iBFi2 in the action, and therefore the 
gauge fixing condition is F12 = 0, the flat connection. Consider the kinetic term for ghosts: 

l^f^" - V,^^) . (48) 

It has following symmetry: ^ ip^i — V^Ci where ^ is a fermionic gauge parameter. Indeed, the 
variation of the kinetic term is given by — thanks to the gauge fixing condition for the 

connection. Therefore there is another gauge symmetry to be fixed. Denote corresponding ghost 
by (j), the antighost by A and the Lagrange multiplier by 77. The extended action of the BRST 
operator is given precisely by the first column of . Note also that if we choose the gauge fixing 
condition for ^jj^ as V^V^ = 0, then the gauge fermion will be 5* = —ixFu + XV which is up 
to a potential ~xB — A] match with This potential does not affect on the singularities 

structure of the action |31| , and we conclude that this gauge fixed action is equivalent to the action 
of our model. 

The BRST operator introduced in this way is not nilpotent. Instead, as we see in (HU, it 
satisfies — G{4>)- To get really nilpotent operator we have to fix the rest of the gauge freedom. 
To this extent we introduce the ghost c, antighost c and the Lagrange multiplier h. The full BRST 
operator acts as follows: 

Qc = b Qb^O (49) 

Qx = B + i{c,r,} QB = i[cj),x]+ihB] 
QX = ri + i[c,X] Qtj = i[(l),X]+i{c,ri}. 

It is straightforward to check that it is nilpotent. 
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Let us also describe the mass for the matter multiplet. As we have seen, the four dimensional 
mass term (I13p is Q-exact, and hence appears as the deformation of the gauge fermion. Two 
theories (with and without this term) are equivalent. Another way to introduce the mass consists 
of a deformation of the BRST operator. The action remains BRST-exact, but the BRST operator 
itself is deformed. The simplest way to produce the mass is to perform the formal shift: 

0i~-!-0 + m Ai-^A + m, (50) 

where m is the mass. The action gains the following contribution: 

Smass = —2inn?xx — 2mx(f>x — 2mxXx ~ 2im^£^ — 2imLUU!. (51) 

The BRST algebra for the gauge multiplet remain unchanged, but gets deformed for the matter 
fields: 

Qm^ — C Qm — ^ 



Qmi = i(j}x + imx QmS, — ix(j) H 

QmUJ = h QmUJ = h 

Qmh ~ i(j)uj + imuj Qmh = —iCuq 



(52) 



We see that Q^„ ~ G{<t>) + ^{'m), where !F{m) is the flavor group action: T{m)Q = imQ and 
T{m)Q — —imQ. Note that !F{m)V = 0. Hence the deformed BRST operator matches with 
undeformed one when it acts on the gauge multiplet: QV — QmV. To prove that the action 
remains Qm^exact we notice that 

Qm^matter = Q"^ matter - 2imxXx - 2imU)U} 

(53) 

Qm {^x + x^) — 2ix(f)x + 2imxx — 2^^. 



It follows that 



^matter Sjjiass — Qm {'^matter ~t~ ^mass) ; (^^) 



where ^mass = im{S^x + x£^). Note that it can be obtained from ([55)1 by the formal shift (|50p . 

Tilded and untilded chiral multiplets transform in ((^S]) and PH)) independently. We have put 
them into for of Dirac spinors to shorten formulae. Also they enter separately into the Lagrangian. 
The only term that mixes them is the four dimensional mass (|13|) . If we delete it, we can consider 
two multiplets independently. In particular, they can have different two dimensional masses: 
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J-Q — imQ and TQ — —iifiQ. 

4 Ground states of the model 

In this section we describe classical vacua of the model in question as well as certain deformation 
of the model. The deformation is needed for the following reason. We are interested in the 
non-perturbative corrections to the twisted superpotential. We would like to think of them as of 
"small" corrections, even smaller that perturbative ones. It corresponds to the regime \r\ 3> 0. 
But in this regime the initial theory does not possess a Coulomb branch. However we can deform 
it, introducing an asymmetry between left and right movers in twisted theory, or, equivalently, 
between Q and Q in the untwisted one. The deformed model do have a Coulomb branch which is 
consistent with r 7^ 0. The price we pay is that we lose three quarters of the supersymmetry. 

4.1 Vacua 

Consider the full action of the model with Np flavors of the untilded matter and Np flavors of 
the tilded one. Recall that their numbers and their masses do not necessarily match. In principle, 
even the representations of Q and Q may be independent, and not be dual to each other. Also we 
can consider more than two different representations. The action can be written as follows: 

Sfull = Stop + Sgauge + Spj + Smaller + Smass = tFi2 + Qm'^ full (55) 

Using the Qm-exactness of this action we take more general expression for the gauge fermion than 
([38]) . Namely, let 

* full = -X {iFi2 -2r + 2ix-fi2X + tgB) + ii/)^V^A - i Air/[</>, A] - iA2m{£,x + xCj 

(56) 

+ iA:i{^\x + xXC) + {t„,h + iV f,x-f'')uj + Ljj{t„,h - ij'^Vi.x), 

where Ai, A2, A3, tg and tm are arbitrary constants. The vacuum expectation of any Qm-exact 
quantity is independent of them. The initial model corresponds to Ai = A2 ^ A^ — tg — tm ^ ^■ 
For the sake of brevity we omit the summation on flavor indices and the indices themselves. For 
example 22:7120; should be read as i J2j=i IfMf-rn. — i S/^i 'if,rn<lf,h where I, m are color indices. 
Let us integrate out auxiliary fields h, h and B. The bosonic part of the action is given by the 
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following expression: 



>oson — 




(57) 



+ Ai[(t), — 2A2m^xx — 2A2mx(j>x — 2A3mxXx — A3x{(j)X + X(j))x. 



Now we can describe the vacua of the theory. When r ~ the vacuum is given by the following 
equations: x = 0, x = 0, [0, A] = 0. The Ai-term implies that in this situation (f> and A are diagonal 
(as it follows from and ((5^ we have to identify = A, as it would be had we started from 
Euclidean four dimensional space, or had we performed the Wick rotation in the torus on which 
we compactify the theory). The gauge group is broken down to its maximal torus: U(-^) U(l)^ 
and the theory is in the Coulomb branch. 

However, as we have mentioned in the beginning of this section, when r = the non- 
perturbative corrections are not really small. Moreover as we shall see later, this condition is 
not compatible with the localization technique. See also [12^ for further explanation. 

Let us, therefore, study cases when r ^ 0. In components the first term in the boson part of the 
action ((57|) is given by the following expression {iFi2 — 2r ~ qq + qq)^ . We see, that if r > 0, the 
vacuum energy is zero if (let us stress that this is only sufficient condition) Np, = N, qfj — \/2rSf^i 



and Qf^i =0. If r < then Q and Q are interchanged: Np = N, qj i — yj2\r\5f_i and q/.; = 0. Let 

us in that follows chose r > 0. We see, that some of matter multiplets acquire a non-zero vacuum 
expectation. It follows that if we wish to have zero vacuum energy, we must put 0;„i = (5;. mi;, 
where ai — —rhi. In particular, if the mass of Q is zero, it implies = 0. The group of the global 
symmetry of the theory is \]{N)q x \]{Np)p x \J{Nf)f, where first factor is the global gauge 
transformation (gauge transformations at infinity), whereas the rest is the flavor group for Q and 
Q respectively. If Q acquires non-zero vevs, this group is broken down to U(^)' x U(^f)f, where 
first factor is diagonal part of the product of gauge group and Q flavor group. The theory is in the 
color-flavor locking phase, where it has N separated vacua which are permuted by the Weyl group 
of the gauge group, and there is no Coulomb branch. We can also put Np > N . In this situation 
the Higgs branch appears, but we still can not find the Coulomb branch is such a way. 

To obtain the Coulomb branch we must eliminate A2 and A^ terms for Q. Then non-zero vevs 
of Q will be compatible with non-zero vevs of (p and A. In such a way we lose three quarters of the 
supersymmetry. Namely, the action is not invariant any more with respect to neither Q nor Q^. 
Only Q = survives. On the other hand we have no more such a severe restriction imposed 

on (j). The only condition is given by Ai-term, and we recover the Coulomb branch. Note that the 
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only terms which break the supersymmetry are those which contain the components of Q. 

The topological sector of the deformed model is the same as the topological sector of the initial 
model. Since our main assumption is that the F-tcrm is fully defined by the topological sector, it 
is natural to expect that twisted superpotential computed for the deformed model gives the answer 
for the undeformed one. It would be interesting to check this statement by the direct computations. 
However, this is beyond the scope of the present paper. 

4.2 Vortices 

Now let us move tg and tm- Consider the limit — s- and — 0. ()57p shows that the functional 
integral for the vacuum expectation of an observable localizes on solutions for following equations: 

iFi2 + qq - Aiqq = 2r, V^g = 0, V^g = (58) 

modulo the gauge transformation. Here we used once again the topological character of the theory 
and introduced an arbitrary constant A^. We can now consider the limit A4 0. In this limit 
the first two equations become the two dimensional Bogomol'ny equations. Their four dimensional 
analog in this context is the Seiberg-Witten monopole equations. 

The solutions for the two-dimensional Bogomol'ny equations are known as vortices. Denote 
the moduli space of vortices as V. Vortices are classified by the vortex number, which is the first 
Chern class ci{E). The dimensions of the vortex moduli space with fixed value k of ci(E) is equal 
to 2Nk. Denote it by Vk- We have 

00 

V = 0Vfe, dimVfe = 2iVfc, Vfc = CxVfc, (59) 
fc=i 

where C in the last equality describes the center mass position of k vortices and Vk describes its 
internal structure. For k — the moduli space consists of a single point A^ = 0, qf,i ~ ^/2rSfj. 

The moduli space Vk can be described with the help of a finite dimensional model [TH [TT] . The 
construction is the following. Consider a complex k x k matrix C and another complex N x k 
matrix /. One can show that the moduli space is given by the Kahler quotient 

Vfc=M~'(2r)/U(fc), fi^[ClC]+lP. (60) 
The action of U(fc) is Hamiltonian, the corresponding moment map is ^. We have simply 
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C ^ gCg^^ and / ^ gl, g E U(fc)- Note that the moment can be obtamed form the first 
Une of the Bogomol'ny equations (|58p by formal replacement Ag i— s- C and q t-^ I. 

The last equation in ([55]) describes the solutions for the two dimensional Weyl equation in 
the vortex background. As it follows from the Atiyah-Singer index theorem, there are exactly 
k solutions. To select one of them we need to introduce a vector w belonging to A:-dimensional 
complex vector space. As in the four dimensional theory (see |2H]) the statistics of this parameter 
should be fermionic. Therefore w E IIC''. 



5 Model in r2— background 
5.1 Definition 

We will be interested in the partition function of the model in the Coulomb phase. The vacuum 
expectations for (j) belong to the Cartan subalgcbra of the gauge group: (pim — Si^mO-i- The partition 
function can be written as follows: Z{a) — (1)q- However, this quantity considered "as is" is not 
useful, since it diverges. Indeed, the theory is Poincare invariant in two dimensions. Since "1" 
is also translation invariant, the full expression is proportional to the volume of two dimensional 
space. 

To regularize this divergence, we have to spoil the translation invariance. It can be done by 
introducing so-called f2-background in the four dimensional space, and then compactify theory to 
two dimensions in this background [15[ I25j . 

The anzatz for the fi-background is the following: 

dsl = Gijdx'dx-^ = {dx°y ~ (dx^Y - g^^ {dx" + V^^dx") {dx" + V^dx") , (61) 
where a — 0,3 and VJ,^ — fi^'^Xi/, where il'^'^ is a two-dimensional Lorentz rotation matrix. Denote 

vJf' + - Vn^ - y/" 

v = ° ^ ^ = n^^x^ v = ° ^ ^ = VI'"' x^ 

Q^fLV _ "O "r "3 ^iiu _ "O "3 

2 2 

The determinant of this metric is det/ j G/j = —1. The only non-zero Ricci coefficients are 
la.^iv — —"fa,}^fi — ^^a.fiv It foUows that the metric is flat when Q and VI commute. Since we are 
in two dimensions, we can introduce two parameters e and e defined as follows: Q^^i, = ee^u and 
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To see what changes in the ri-background, consider the foUowing derivative V+ = ^ (Vq + V3). 
When the metric is constant, after compactification we have V+ = <j). In the fi-background one 
has to replace this derivative by the covariant one, which is given by i (epV/ + 63 V/), where 
is the vierbein for the metric ([6T|) . We have: e\ = (5^ and — — V^f. It follows that (f) (and, by 
same arguments. A) become differential operators: 

4>^\{eiVi + eiVi)^4>~V''Vf, and A = i (e^V/ - e^V/) = A - (63) 

Looking at the equation (pTjl we conclude that the BRST operator in the Jl-background gets 
deformed in such a way that it satisfies Q'^ ~ ici) = icf) — iO.^ux'^V^ . Once again using formulae 
([21]) we see that a good candidate for the deformed operator is [24] 

Q' = Q + n^''x,Q^. (64) 

5.2 Deformed action 

Now let us focus on the gauge multiplet. Using equations (|43p and (|45ll we conclude that 
Q'^'gauge — Q'^'gauge — Sgauge- Thus all chaugcs are causcd by the Fayet-Ihopoulos term. To 
figure them out wc first notice that 

Q'^Fi = 2rB - 2irea;^V^A = Q<iFi + 4ireA. (65) 

However the additional term AireX, and therefore, the whole deformed action is not real. It 
indicates that some supplementary terms appear. These terms should contain 4zer0. A reasonable 
try is '^'pj = 2rx + 2rex'^^^. Then 

Q'^^'fi 2rB + AireX + Airecf} - 2re£x^{iFi2 + B). (66) 

Now the action is real. Note that the modification of pi can be interpreted as shift defined by 
equation (pH]) put into formula (jHS]) . 

An important observation is that additional terms can be interpreted as the following superspace 
dependence of the complex parameter ([30]) : 

t{x, e) ^^+ir {l + 2e {e^^e^'e" + isx^)) . (67) 
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All modifications arc proportional to r, and therefore are absent when r = 0. 

In the r2-background the supersymmetry is broken. Q' is the only survived supercharge. In 
coordinates it takes the following form (here we have restricted it to the subspace = 9^0): 



If we formally identify O'^ = dx'^, then the differential operator (|68p becomes the Cartan differential 
Q' = d + iv, where = —iee^^x^ is the vector field for the Lorentz rotation. The basic property 
of this operator is that it annihilates the superspace dependent complex parameter: 



Q'r(y,0) = O. (69) 

Now we can establish a proposal for the twisted superpotential. To this extent we compute 
the vacuum expectation of "1" in the Coulomb phase. We can compute it in two steps: first we 
integrate out all high-energy modes, and then we integrate the rest. In the Coulomb phase the only 
massless modes are those which belong to the Cartan subalgebra, that is, the diagonal elements 
of ®. They can be packaged to (|27p and (|32p . Thus we can write ("c.c." stands for complex 
conjugated) 

(1)^ = [ x)x;X'i;e'-/''^'^'^'^5^FiW'(s(y,e),T(y,e))+c.c 

, (70) 

_ gi / d^yd^e^W(a,T(y,e))+c.c. _ ^^W(a,T,-ie)+c.c. _ ^^W(a,T,-ie) 

The function W{a^ r) in the righthand side consists of three parts: classical, which is given by 
equation psp . the perturbative part Wpert, which is entirely defined by the 1-loop expression, and 
the non-perturbative part Wyort, due to vortices. In that follows we rotate the parameter of the 
fi-background in the complex plane: e t—^ ie. 



6 Computation of twisted superpotential 
6.1 Perturbative part 

Let us first compute the perturbative contribution to the twisted superpotential. When fi- 
background is absent, the perturbative contribution to the partition function is trivial, since the 
theory is topological. Fermionic determinant compensates the bosonic one. In the presence of 
f2-background things change |15| . 
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The off-diagonal part of the vector multiplet gains mass thanks to the non-zero vacuum ex- 
pectation of (j). It happens thanks to terms of form [0, — {ai — am)Vim- In the fi-background 
(j) becomes differential operator. In the complex coordinates (fTl|) shift ([55]) can be rewritten as 
follows: (/) — (/) — e{zdz — zdz)- Hence the Higgs mass becomes a differential operator as well: 

Vi^i ^]/m = («' ^ «™ - £ (^^z ^ ^^2)) ^Irn- (71) 



To find the perturbative contribution to the partition function we inspect the Yukawa interac- 
tions as well as gauge coupling to the Higgs field in the full action ([55]) . Let us represent the fields 
of the gauge multiplet as follows V/„i = 'YlTj ''^im,ijZ^z^ e~l^l. Here the summation on i,j takes into 
account the Lorentz properties of the component fields of vector multiplet. For example for scalar 
fields the summation is understood as X^fj ~ TlTLo X^jlo whereas for it is X^f^ ~ Si^i Xj^o' 
and so on. The relevant part of the boson-fermion determinant ratio is 



ygauge 
pert 



N oo 

n n 



ai- am- e(« - j) 



ai-am- e{i - j + 1) 



N oo 

J]^ ]^(ai - a„, + ie) 

l^m 2—0 



(72) 



Same reasoning for the matter multiplets leads to the following contribution of the Q and Q (only 
u;-terms are relevant). 



ymatter 
^pert 



N oo . . ^ 



1=1 i=0 



(73) 



These products should be regularized. The standard way is to use the Schwinger proper time 
regularization. Namely we exploit the following relation (here A is a regularizer, the dynamically 
generated scale): 

(74) 



r°° dt 



—f e''*° = In 



It follows that Zp^^f^ — 



e 



where 



d 

d^ 



3=0 



(75) 



Operation dXtQ is linear, which implies that 7e(x) satisfies the following "first order" difference 
equation: 



7,(x + e)-7,(x) =$Ke0(e") =ln 



(76) 
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This equation allows us to determine this function up to an additive constant. We have 



w^?(Hsl-')4Hfhi:( 



^^\x) 25(25-1)' 



(77) 



where ,623 are Bernoulli numbers. The four dimensional analog of this function is ^^-^^^^^{x) defined 
in the Appendix A of pS] , 

This expansion shows that W^^^i'^ = 0(e). At the same way one can show that 



Np N 



matter 



pert 

- ^^(a; +m/) ( In 



ai + nif 



A 



Np N 

f=i 1=1 



ai + ifif 



A 



1 j+Oie). 
(78) 

This form of the perturbative par of thr twisted superpotential implies the renormalization group 
equation 



6.2 Non— perturbative part 

In order to compute vortex contribution to the twisted superpotential we use the finite dimensional 
model for the vortex moduli space. It the 17-background the deformed BRST operator satisfies: 

{QLf ^gW+nni)+Cie), (79) 



where the last term is the Lorentz rotation on angle e. The finite dimensional version of equations 
([2^ . ([25)) and PH)) properly deformed is the following: 













ipi 




ie 

— imi — ila / 

^ 2 




B 


QlnB 






V 








w 




is 

— + imv — —u. 



Here v is fermion and w is boson. The weight of the Lorentz rotations for C, / and w can be 
explained as follows, w classifies solutions for the Dirac equation for q = —x^ and therefore it 
transforms under Lorentz rotations as lower component of a spinor, that is by multiplying to — ^. 
The remark below ([60]) explains the weights for C and / (recall that z e~*^ z). 
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Let us now construct the finite dimensional version for tlie full action SfuU- Its value on a vortex 
solution is given by the first term and equals 2'KiTk. The rest is the Mathai-Quillen representative 
of the equivariant Euler class for the Dirac equation solutions bundle (Dirac bundle for short) 
over the vortex moduli space, which is defined by equations (|60|) . The finite action is given by 

S finite = Q'm^ finite, whcrC 

finite = x(m - 2r) + ^c[A, C] + ^c[A, C^] + ^/A/ - V^/] + {i/w + wi'). (81) 

First term enforces the integral to localize on submanifold /i = 2r whereas the rest describes the 
action of \j{k). The last term is due to solutions for the Weyl equation in vortex background. 
Integrating out boson and fermion matrices we obtain the following expression: 

oo 

eiw„„.t(a,r,e) = 1 + ^ c^"^ Zfe (a, e) , (82) 

k=l 

where 

k k k N 

t — 1 3 ^ — ^ — 

More elegant way to get the same result is to apply once again the localization technique, 
now to the finite dimensional space V^. The integral for Zk{a^e) can be computed with 
the help of the Duistermaat-Heckman formula. The weights for the maximal torus action of 
\]{N)g X U(^)_F X U(l)i can be obtained directly from ([80|) . Details of these computations can 
be found in [H Uni [21 HHI- 

The integral l|83p can be computed by residues. To do this we move (pi to the complex plane. 
Like in four dimensional case e gains positive imaginary part: e i— )■ e + iO. The exponent in the 
integrand indicates that we have to close the contour of integration in the upper halfplane, since 
r > 0. All poles of the integrand are in the upper halfplane. It seems that when r < the integral 
([55]) vanishes, since we close contour in the lower halfplane. However, when r < the roles of 
Q and Q are interchanged. Also the sign between the field strength and the matter fields in the 
Bogomol'ny equation ([SS]) is changed, which implies that now C should be identifies with Az. 
Therefore we replace e ^ — e in equation (|80p . This implies that all residues now are in the lower 
halfplane and again captured by the contour integration. 
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6.3 Residue handling 

Let us explain the manipulation with residues for the integral ([55]) . In the H-case the poles of 
similar integrals are enumerated by colored Young tableaux [18|, I24j . Relevant formulae can be 
obtained in the context of Hilbert schemes of points on surfaces [HI [23]. In our case the 
classification of residues can be obtained by similar approach, though more simple. 

The residues are classified by N icicles of heights k — {ki, . . . , k^}. The total height of all 
icicles is |fc| = fci + • • • + fc^r = k. The residues which correspond to given configuration of icicles 
are in points (p* = a; + + ii)e, where = 0, 1, . . . , /c; — 1. For such a configuration we can put 
forward the following formula (which can be proved by induction): 

k N k N ki 

— 1 l—l i—1 l^m—lii—1 

Now we apply to this identity Schwinger regularizing procedure fHeg defined in equation ([7^ . and 
transform the sum of exponents to the product of their arguments: X]q ^""^ ^ Yia^ot- Number 
of possible ordering of ipi is equal to fc! which compensates -g^ factor in the integral (j83p . The 
exponents whose argumet depends only on e and not on ai lead to the combinatorial factor which 
is equal to the number of ways to distribute k residues between N icicles. 
The final expression for the integral ([83]) is the following: 



nz/™ (a; - a™ + {h - k^ - ii)e) 

where k - d = Yli=i 4>t = Ya^i {^i^i + a-^d k\ = nili(^i0- 
Formula ([82]) allows us to relate this quantity to 

oo 

W™rt(a,e) = ^£^M^;°''*(a). (86) 
The leading term of this series, that is, WQ°''*(a), is the twisted superpotential introduced in (|34|l . 
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7 Concluding remarks 



7.1 About C-case 

We have shown how the locahzation technique can be appUed to study of two dimensional topo- 
logical models. Morally speaking we have adapted the instanton counting story 24j to the two 
dimensional case. We have founded a lot of similarities. However some features of four dimensional 
theory can not be reproduced. It may be caused by low-dimensional effects (such as full breaking 
of the 7?,-symmetry group, instead of partial breaking in four dimensions), or may point to some 
pathological obstacles. 

Recall that in the H-case the rational factors for the integrand in formula ((83|) can be obtained 
by applying the Schwinger regularization (|74p to the equivariant Chern character of the Dirac 
bundle E (see for details [Ml 123 [21] ) • 

If it were true in the C-case, then the Chern character for the Dirac bundle for adjoint repre- 
sentation of the gauge group would be equal, roughly speaking, to the lefthand side of (|84p . The 
moduli space data {B and /) can be combined to linear map acting as follows: 

V(^S-®W V(8>L, (87) 

where V = C'',W = C^, S-=L = C. V is acted on by U(fc), the space W is acted on by U(iV)G- 
S- is the space of Dirac spinors with negative chirality and L is a fiber of the determinant bundle. 
In the H-case similar construction was a complex, but now since we have only one such map it is 
meaningless to call it so. 

Consider an element of the product group torus t G '^-[j{k) x Tu(7v)g x Tyji^^^. The equivariant 
Chern character can be computed as follows: 

N k 

Cht{£) = Tvsit) = Trw{t)+Trv{t) (Tr5_ (i) - Tri(t)) = e'^' _(e- _i) e'^/^ ^ e*' . (88) 

1=1 i=l 

The equivariant index of the Dirac operator is given by the equivariant analog of the Atiyah-Singer 
theorem: 

Indf""'^V = / Cht(£)Tdt(C), (89) 
Jc 

where Tdf(C) — ^c^_i is the equivariant Todd class for C. The integral can be computed equivari- 
antly, the moment map is given by jj, — s\z\^ . Then for the fundamental and adjoint representations 
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of U(-/V)g we obtain 



Ch,(g) _E;iie' 



k 



ge-l e^-l 



Ind"*V 




Cht(£:*)Cht(£:)Tdt(C) 




(90) 



We observe now that the first term (which contains an infinite number of sunimands) is converted by 
the regularization procedure ()74p to the perturbative corrections to the partition fmiction which 
are given by formulae ([73|l and (|72p . The rest of terms (but the last sum in the last line) are 
converted to the integrand of ([55)1 . 

The last term does not have its counterpart in the expression for the partition function. Also 
we can not reproduce in such a way the Q-contribution to the perturbative part of the partition 
function, whose leading term is given by the second sum in (|78p . One of possible explanation of 
such a behavior is that in the C-case, in opposition to the H-case, the moduli space ((HU)) describes 
solutions for fields A^, and q and not for solo. 

Another problem we meet is the absence of the analog of the Seiberg-Witten theory in 
two dimensions. Recall that in the H-casc the prepotential can be expanded as follows: 
J-{a,h) = X]^o where h — ei — —£2. The leading term of this expansion, J-Q{a), 

which is known as Seiberg-Witten prepotential, can be defined through the cycles of an algebraic 
curve |261I27| . This prescription appears naturally in the thermodynamical (ei, S2 ~* 0) limit in the 
exact expressions analogous to ((55)) . as it was shown by Nekrasov and Okounkov. See for details 



One can perform similar manipulations in C-case as well. If the Nekrasov-Okounkov approach 
is valid, then in the limit e — > the sum (j82p is dominated by a single term with k ^ K In- 
troduce the vortex density normalized in such a way to remain finite in the thermodynamical 



limit: p{x) — e X]i=i ^{^ ~ 't'i)- The fctuple integral (|83p (and therefore the whole vortex partition 
function ^82\i ) can be approximated by a path integral 




(91) 
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where the Hamiltonian is given by 



H 



[p]^ - f dxdy 



p{x)p{y) 



x-y 




X. 



(92) 



The first term vanished for symmetry reason, and the line of arguments which lead to the C-analog 
of the Seiberg-Witten theory fails, for it is based on the saddle point approximation for the path 
integral (19ip . It follows that the F~term contribution to the effective action which is defined 
by the twisted superpotential Wo(a) can not be reproduced by a sort of cycle computation. 

7.2 About O-case 

Let us finally say a word about the eight dimensional theory. The partition function of the model 
in the f2-background will be localized onto the moduli space of the generalized instantons, which 
are defined as solutions of the equation in the second line of ^ . Presumably moduli space of such 
instantons has the finite dimensional realization which is given by a straightforward generalization 
of dSni) and the ADHM construction pilSlfTU], 

Then corresponding finite dimensional integrals for the partition function will have a similar 
form as corresponding integral which appear in Wittcn index computation performed in '18]. In 
a manner of speaking, modulo some technicalities, one can say that Witten index computation 
is "dual" to the instanton counting scheme. Indeed, in |I8) the remaining integration in the 
counterpart of (j83p is taken over the maximal torus of the group of rigid gauge transformations, 
i.e. the gauge transformation at infinity, whereas while doing the generalized instanton counting 
the remaining integration is to be taken over the dual (in the sense of W) group. Recall that in 
the C-case it is \j{k). This dual group is all what remains from the whole gauge group (which 
consists of all gauge transformations with fixed value at infinity) in the finite dimensional model 
for the moduli space. 

Apart from aesthetic wish to complete the C-H-O story, there is a purely pragmatic motivation 
to study eight dimensional model. Recall that the need to have the Fayet-Iliopoulos term in the C- 
case forces us to focus on the \]{N) gauge group, which is the group of isometrics of a complex vector 
space. The ADHM construction is known only for classical semi-simple groups, such as SU(7V), 
S0(7V) and Sp(Af). This triad is directly related to the quaternion vector space isometrics. It is 
plausible to believe that the moduli space of eight dimensional generalized instantons is related 
in some sense to isometrics of an octonion vector space. The exceptional groups [E, F and G 
root systems) are closely related to such isometrics j3j. Thus the finite dimensional construction 
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should be valid for all semi-simple groups. We believe that the construction of O-instantons 
can shed some light to the instanton counting in four dimensions, that is, to the construction of 
Seiberg-Witten prepotential. 
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